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One of the characteristic features of quantum mechanics is that every measurement that extracts
information about a general quantum system necessarily causes an unavoidable disturbance to the
state of this system. A plethora of different approaches has been developed to characterize and
optimize this tradeoff. Here, we apply the framework of quantum instruments to investigate the
optimal tradeoff and to derive a class of procedures that is optimal with respect to most meaningful
measures. We focus our analysis on binary measurements on qubits as commonly used in commu-
nication and computation protocols and demonstrate theoretically and in an experiment that the
optimal universal asymmetric quantum cloner, albeit ideal for cloning, is not an optimal procedure
for measurements and can be outperformed with high significance.
Introduction.—The work of Heisenberg, best visualized
by the Heisenberg microscope [1], teaches us that every
measurement is accompanied by a fundamental distur-
bance of a quantum system. The question about the
precise relation between the information gained about
the quantum system and the resulting disturbance has
since inspired numerous studies [2–19]. A central prob-
lem is to find a tight, quantitative tradeoff relation, e.g.,
for the maximally achievable information for a given dis-
turbance or, vice versa, for the minimal disturbance for a
certain amount of extracted information. Obviously, this
is not only relevant for quantum foundations, but also for
many applications in quantum communication [20, 21]
and quantum computation [22–24]. Initially studied in
the context of which-path information and loss of visibil-
ity in interferometers [2, 3], quantifying the information-
disturbance tradeoff was based on various measures such
as the traditional root mean squared distance [4, 5], the
distance of probability distributions [6], operation and
estimation fidelities [7–9], entropic quantities [8–13], re-
versibility [13–15], stabilized operator norms [16, 17],
state discrimination probability [10], probability distri-
bution fidelity [18], and Fisher information [19]. In spite
of all these distinct approaches, no clear candidate for
a most fundamental framework for the analysis of the
information-disturbance tradeoff in quantum mechanics
has yet emerged.
Here we build upon a novel, comprehensive
information-disturbance relation introduced recently by
two of us [25]. There, optimal measurement devices
have been proven to be independent of the chosen
quality measures, as long as these fulfill some reasonable
assumptions, such as convexity and basis-independence.
This approach is unique with respect to the employment
of reference observables. On one hand, since information
eventually is obtained via measurements of observables,
we base the quantification of the measurement error
on a reference observable. On the other hand, the
measurement induced disturbance is defined without
relying on any reference observable in order not to
restrict the further usage of the post-measurement state.
For a finite-dimensional von Neumann measurement,
the optimal tradeoff can be achieved with quantum
instruments described by at most two parameters.
FIG. 1. The optimal quantum instruments in terms of mea-
surement error and disturbance clearly outperform the op-
timal asymmetric cloner (red curve) and the coherent swap
operation (green line). Our measurements (blue crosses) come
close to the theoretical curve (blue curve). The violet marked
instrument is discussed in Fig. 5 in more detail. The error bars
are too small to be visible; for a detailed discussion see [26].
In this letter, we describe how optimal instruments
can be derived for typical measures of measurement er-
ror, i.e., inverse information, and state disturbance and
how they can be implemented in an experiment. Typi-
cally, quantum cloning is considered to be a good choice
to achieve an optimal measurement disturbance tradeoff.
Yet, here we show that the optimal instruments outper-
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2form all (asymmetric) quantum cloners [26]. We test the
tradeoff relation experimentally using a tunable Mach-
Zehnder-Interferometer and implement a large range of
quantum instruments. We apply these instruments to
a two-dimensional quantum system encoded in the pho-
ton polarization and investigate the relation between the
error of the measurement and the disturbance of the
qubit state. As distance measures we consider exemplar-
ily some of the measures recommended in [16], i.e., the
worst-case total variational distance and the worst-case
trace norm. For other measures see supplemental ma-
terial (SM) [26]. The experiment clearly shows that the
optimal universal asymmetric cloner as well as the coher-
ent swap scheme are suboptimal (Fig. 1).
Measurements as quantum instruments.—To generally
quantify both the measurement error and the measure-
ment induced disturbance, we describe the measurement
of observables on a quantum system by means of quan-
tum instruments [27, 28] as illustrated in Fig. 2. For-
mally, a quantum instrument I is defined as a set of
completely positive linear maps I := {Ij}mj=1 that ful-
fills the normalization condition
∑m
j=1 I
∗
j (1) = 1, where
I∗j denotes the dual map to Ij with respect to the
Hilbert-Schmidt inner product. This description natu-
rally encompasses the connection between the observable
given by a positive operator valued measure (POVM)
E′ := {E′j}mj=1 and the quantum channel Ts, which de-
scribes the measurement induced change of the state.
In general, a quantum channel is a completely positive
trace preserving linear map. In the context of quantum
instruments, the channel is given by the sum of the lin-
ear maps with Ts :=
∑m
j=1 Ij , where each map corre-
sponds to one measurement operator E′j of the POVM.
The normalization condition of the quantum instrument
ensures that the corresponding quantum channel is trace-
preserving. Expressing the channel in terms of I as above
reflects the decohering effect of the measurement on the
quantum state of the measured system.
The measurement operators {E′j}mj=1 themselves are
fully determined by I via E′j := I
∗
j (1), where the proba-
bility distribution for outcomes {j}mj=1 on state ρ is given
by tr (Ij(ρ)) = tr (Ij(ρ)1) = tr
(
ρI∗j (1)
)
= tr
(
ρE′j
)
.
From this point of view, the normalization condition of
the quantum instrument ensures that the distribution
{tr (E′jρ)}mj=1 is normalized. The instrument description
based on the normalized set of maps I, which implies
the pair (E′, Ts), is sufficient to exhaustively describe all
possible quantum measurement processes.
Distance measures.—From the notion of quantum in-
struments it becomes immediately clear that E′ and Ts
are not independent, i.e. the change of the state has a
fundamental dependence on the information gained and
vice versa. To enable a thorough quantitative analysis of
this measurement-disturbance tradeoff, we use distance
measures to assess the quality of the approximate mea-
surement and to quantify the disturbance. We quantify
the disturbance ∆ caused to the system by the deviation
of the channel Ts from the identity channel Tid (ρ) := ρ.
ρ I
Ts(ρ)
{tr (E′jρ)}mj=1
FIG. 2. General description of a measurement using a quan-
tum instrument I. Obtaining information about the quan-
tum state via the POVM E′ (dashed line, classical output)
induces a change of the quantum state described by the quan-
tum channel Ts (solid line, quantum output).
The measurement error δ quantifies the deviation of the
measurement E′ from a reference measurement E. This
approach utilizes a reference POVM E to quantify the
measurement error, but not the disturbance, in contrast
to all other approaches found in the literature, where ei-
ther a reference system is used for both, measurement
error and disturbance, or none is used at all.
The measurement error δ can be quantified by defin-
ing a worst-case total variational distance based on the
l1-distance between probability distributions. The l1-
distance, also called total variational distance, displays
the largest possible difference between the probabilities
that two probability distributions assign to the same
event and therefore is the relevant distance measure for
hypothesis testing [28, 29]. In our case, these two proba-
bility distributions stem from the target measurement
E and the actual measurement E′ for some quantum
state. To generalize the measure for the measurement
error to take into account all possible quantum states ρ
of the system we additionally take the worst case w.r.t.
all states, which is natural when considering the maximal
difference, i.e., worst-case characteristic of the l1-distance
itself. Thus our worst-case total variational distance is
defined as
δ(E′) := sup
ρ
1
2
2∑
i=1
|tr (E′iρ)− tr (Eiρ)| . (1)
The quantum analogue of the worst-case total vari-
ational distance is the worst-case trace norm distance,
which we thus use to quantify the distance between the
quantum channel Ts and the identity channel Tid,
∆(Ts) :=
1
2
sup
ρ
‖Ts(ρ)− ρ‖1 . (2)
This disturbance measure quantifies how well the quan-
tum channel Ts can be distinguished from the identity
channel Tid in a statistical experiment, if no auxiliary
systems are allowed [30].
Optimal instruments and tradeoff.—As reference mea-
surement, we choose the ideal projective measurement of
the qubit with E = {|j〉〈j|}2j=1. As proven in [25] for
the optimal quantum instruments each element Ij can
be expressed by a single Kraus operator, agreeing with
the intuition that additional Kraus operators introduce
3noise to the system. In the case of a qubit this leads to
Ts(ρ) =
2∑
j=1
KjρK
†
j and {E′j = K†jKj}2j=1. (3)
The Kraus operators of an optimal instrument can be
chosen diagonal in the basis {|j〉}2j=1 given by the target
measurement [25]. Since for a qubit there are only two of
them and they must satisfy the normalization condition,
in general their form is
K1 =
√
1− b22 |1〉〈1|+ eiβ1b1 |2〉〈2| , (4a)
K2 = b2 |1〉〈1|+ eiβ2
√
1− b21 |2〉〈2| , (4b)
with 0 ≤ b21, b22 ≤ 1 and two arbitrary phases β1 and β2.
As proven in [26], for such an instrument, the worst-
case total variational distance δ and its trace-norm ana-
logue ∆, Eqs. (1,2), quantifying measurement error and
disturbance respectively, satisfy
∆ ≥
 12
(√
1− δ −√δ
)2
if δ ≤ 12 ,
0 if δ ≥ 12 .
(5)
The inequality is tight and cannot be exceeded by any
quantum measurement procedure. Equality in Eq. (5) is
attained for the family of optimal instruments defined by
K1 =
1√
2
(√
1− γ |1〉〈1|+
√
1 + γ |2〉〈2|
)
, (6a)
K2 =
1√
2
(√
1 + γ |1〉〈1|+
√
1− γ |2〉〈2|
)
, (6b)
with γ ∈ [0, 1], leading to δ(γ) = (1− γ) /2.
Other known measurement schemes.—Let us evalu-
ate common quantum measurement procedures in terms
of their measurement-disturbance tradeoff. For per-
fect quantum cloning, there would be no measurement-
disturbance tradeoff, as one of the perfect clones could
be measured without error with the other clone staying
undisturbed. Although perfect cloning is impossible [31],
one can derive a protocol that is optimal for approxi-
mate quantum cloning. Hence, it is a manifest intuition
that the optimal universal asymmetric quantum cloner
provides a promising measurement protocol that natu-
rally leads simultaneously to a small disturbance and a
small measurement error. It is illustrated in Fig. 3. The
quantum channel Ts(ρ) = trs′ (Tclo(ρ)), a marginal of
the cloning channel Tclo, corresponds to the evolution
of the system state, obtained when tracing out the sec-
ond (primed) clone. The corresponding channel of the
second clone, Ts′(ρ) = trs (Tclo(ρ)), provides an approx-
imate copy to which the reference POVM E is applied.
Asymmetry within the quality of the clones determines
the tradeoff between the measurement error and the dis-
turbance.
ρ Tclo
Ts(ρ)
Ts′(ρ) E
FIG. 3. Universal asymmetric quantum cloning. The initial
quantum state ρ is asymmetrically, approximately cloned to
the auxiliary system, initially in state 1/2. The target mea-
surement is performed on one of the clones, while the other
is compared to the initial quantum state ρ.
The optimal universal asymmetric quantum cloning
channel Tclo for any initial quantum state ρ reads [32]
Tclo (ρ) = (a21 + a1F)
(
ρ⊗ 1
2
)
(a21 + a1F) , (7)
with a21 + a
2
2 + a1a2 = 1, a1, a2 ∈ R, and the flip (or
swap) operator F :=
∑2
i,j=1 |ji〉〈ij|. The parameter a1
determines the amplitude of a swap operation between
both qubits.
With our measures, the measurement-disturbance
tradeoff for the asymmetric quantum cloning channel sat-
isfies
∆ =
 14
(√
2− 3δ −√δ
)2
if δ ≤ 12 ,
0 if δ ≥ 12
(8)
with δ(a2) = a
2
2/2 [26].
As the cloning operation cannot be realized by a uni-
tary two-qubit transformation, any real implementation
of the protocol is embedded in a larger system. Let us
thus consider an obvious analogue to the cloning opera-
tion, which can be realized by a unitary two-qubit opera-
tion. For the swapping channel Tcs, the system interacts
with the auxiliary system via a Heisenberg Hamiltonian
as
Tcs (ρ) = e
itF (ρ⊗ ρ˜) e−itF
= (a21 + ia1F) (ρ⊗ ρ˜) (a21− ia1F) , (9)
with t ∈ [0, pi/2] or using a parametrization analogous to
the cloning scheme with a21 + a
2
2 = 1, a1, a2 ∈ R. The
extreme cases are no swap (t = 0, a2 = 1) and full swap
(t = pi/2, a1 = 1).
The δ-∆-tradeoff for the target measurement E =
{|j〉〈j|}2j=1 performed on one of the outputs satisfies
∆ =
1
2
− δ, (10)
with δ(t) = (1 − a21)/2, for the coherent swap [26], evi-
dently also inferior to our optimal instruments, Eq. (6),
with the tradeoff given in Eq. (5).
Experimental implementation.—For our experimental
evaluation of the measurement-disturbance tradeoff we
want to realize a broad range of quantum instruments
including the optimal ones. For that purpose we consider
4FIG. 4. Conceptual experimental setup. The state ρ is en-
coded in the polarization degree of freedom of a photon, which
is sent to a variable beam splitter (var BS). The spatial super-
position state inside of the interferometer is denoted by |φ0〉
and can be tuned in terms of relative intensities and phase.
For the interaction U between the path and the polarization
degrees of freedom we apply a σz operation to the polariza-
tion in one path. Projections onto the output ports |C〉 and
|D〉 of a balanced 50:50 beam splitter conclude the realization
of the Kraus operators as given in Eqs. (12). Polarization and
intensity measurements are performed at the output ports of
the interferometer. Please note that the actual experiment,
while equivalent to the shown setup, is structured differently
such that the polarization state ρ is created inside of the inter-
ferometer. The actual experiment is described in more detail
in [26].
the polarization degree of freedom of photons to encode ρ,
with |1〉 ↔ |H〉 and |2〉 ↔ |V 〉, where |H〉 (|V 〉) denotes
horizontally (vertically) polarized light. The Kraus op-
erators describing the chosen set of instruments are thus
given by
K1,2 =
1√
2
[√
1± γ |H〉〈H|+ eiβ
√
1∓ γ |V 〉〈V |
]
(11)
with an arbitrary phase β. The optimal cases Eqs. (6)
are achieved for β = 0.
To experimentally realize a quantum instrument and to
enable analysis of the two outputs Ts and E
′, it is neces-
sary to employ an additional auxiliary quantum system,
which is not yet explicitly present in the instrument de-
scription of Fig. 2. For the measurement of photon polar-
ization a natural candidate is the path degree of freedom
of the photons. Since in our case a two dimensional aux-
iliary system is sufficient, we employ a Mach-Zehnder in-
terferometer, which provides the two path states |A〉 and
|B〉, see Fig. 4. The properties of the instrument are then
determined by the initial state of this auxiliary system,
|φ0〉 = cosα |A〉 + eiϕ sinα |B〉, the measurement per-
formed on it, i.e., the detection in the output path states
|C〉 and |D〉, as well as by an intermediate interaction be-
tween path and polarization. The interaction is given by
a unitary evolution U , which exchanges information be-
tween the systems. We use U = iσz⊗|A〉〈A|+1⊗|B〉〈B|,
which introduces a polarization dependent phase shift in
arm |A〉.
FIG. 5. Evaluating measurement error δ and disturbance ∆.
a) The measurement error corresponds to the maximal dis-
tance between the outcomes of the actual measurements E′1
and E′2 (red crosses) to the outcomes of the ideal measure-
ments E1 and E2 (blue line). b) The disturbance is obtained
by taking the supremum of the trace distance between the
prepared polarization states and the tomographically recon-
structed states of Ts. Please note that the suprema in a) and
b) are achieved for different states. Statistical error bars are
negligibly small. For a detailed discussion, see [26].
For an initial path state |φ0〉 the Kraus operators,
which act on the polarization, can then be obtained as
K1 = trpath [(1⊗ |C〉〈C|)U (1⊗ |φ0〉〈φ0|)] , (12a)
K2 = trpath [(1⊗ |D〉〈D|)U (1⊗ |φ0〉〈φ0|)] . (12b)
Relating these expressions with Eq. (11), the parameters
γ and β are given by the experimental parameters α and
ϕ by γ = sin (2α) sinϕ and β = arctan [tan (2α) cosϕ].
The outcome of the measurement E′ is then obtained by
determining the total intensity in the output C (E′1) and
D (E′2), respectively, the action of the quantum chan-
nel Ts by state tomography of the polarization degree of
freedom.
Measurements and results.—According to Eqs. (1) and
(2), the measures δ and ∆ use the supremum over differ-
ent input states ρ. We thus prepare for each quantum
instrument different linearly polarized states ρ, which
are analyzed after the interaction. The prepared po-
larization state ρ = |ψ〉〈ψ| in both arms is given by
|ψ〉 = cos θ2 |H〉 + sin θ2 |V 〉, where |H〉 and |V 〉 as the
eigenstates of the Pauli matrix σz with eigenvalues +1
and −1, respectively, denote horizontal and vertical po-
5larization. We use 16 different values for θ, including
those where extremal behavior for the disturbance or the
measurement error is expected. The set of pure, linearly
polarized states is sufficient as the suprema in Eqs. (1)
and (2) are attained in our experimental implementation,
see SM [26].
An intuitive strategy consists of setting a specific in-
strument and then varying the polarization state ρ, which
however requires to keep the instrument parameters (α
and ϕ) stable. It turns out to be experimentally more
favorable to prepare different polarization states ρ and
then vary the phase ϕ for fixed α and ρ. One thus asso-
ciates measurements which correspond to the same state
|φ0〉 of the auxiliary system to the same instrument.
The evaluation of the measurement error and the dis-
turbance for one instrument of Fig. 1 is shown in Fig. 5
a) and b), respectively. The supremum over a great cir-
cle of the Bloch sphere, described by |ψ〉, has been used
for the analysis. The measurement error is given by the
maximal deviation of the measurement (red crosses) to
the best fitting target measurement (blue solid line), see
Eq. (1). While some states as eigenstates of the trans-
formation (theoretically) do not show any disturbance,
for the disturbance, the largest trace distance has to be
taken into account, see Eq. (2).
The obtained values for measurement error and state
disturbance are shown in Fig. 1 for the set of experimen-
tally prepared quantum instruments. Each data point
here identifies one quantum instrument, for which the
supremum of the prepared quantum states in terms of
measurement error and disturbance is determined. The
horizontal structure is explained when considering that
for a fixed α, various measurements with different ϕ have
been taken, see Eq. (11). We could show that there
exist quantum instruments, also experimentally accessi-
ble, which significantly outperform the optimal universal
asymmetric cloner (red curve) and the coherent swap op-
eration (green line) in terms of the considered distances.
Conclusion.—We applied the novel approach derived
in [25] to the setting of binary qubit measurements
achieving an optimal measurement-disturbance tradeoff.
In this setting a reference measurement is used to quanti-
tatively obtain the measurement error. The disturbance,
on the other hand, does not depend on any reference
measurement, but solely on comparing the state before
and after the measurement. Our protocol is tailored for
applications based on a specific measurement without re-
stricting subsequent use of the post-measurement state.
Furthermore, we have demonstrated that the strategies
of optimal universal asymmetric quantum cloning and co-
herent swap do not perform optimally when considering
the tradeoff relation between measurement error and dis-
turbance. Those protocols are optimal for their respec-
tive purposes such as approximate quantum cloning, but
cannot compete with the optimal quantum instruments
in the measurement scenario as in general they result in
worse measurement-disturbance tradeoff relations. We
have shown that the advantage of optimal instruments
over other schemes is experimentally accessible and not
only a mere theoretical improvement. In future appli-
cations our findings allow to identify these procedures
which retrieve information at the physically lowest cost
in terms of state disturbance.
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7SUPPLEMENTAL MATERIAL
SM1: OPTIMAL TRADEOFF RELATION
Theorem 1 (Total variation - trace norm tradeoff).
Consider a von Neumann target measurement given by
an orthonormal basis
{|i〉 ∈ C2}2
i=1
, and an instrument
with two corresponding outcomes. Then the worst-case
total variational distance δ and its trace-norm analogue
∆, defined as in Eqs. (1,2), quantifying measurement er-
ror and disturbance respectively, satisfy
∆ ≥
 12
(√
1− δ −√δ
)2
if δ ≤ 12 ,
0 if δ ≥ 12 .
(S1)
The inequality is tight and equality is attained within the
family of instruments defined by
Ij(ρ) := KjρKj , j = 1, 2, (S2)
with
K1,2 =
1√
2
(√
1± γ |1〉〈1|+
√
1∓ γ |2〉〈2|
)
(S3)
with γ ∈ [0, 1].
Proof. In order to derive the information-disturbance
tradeoff, we need to solve the following optimization
problem:
For γ ∈ [0, 1]
minimize ∆
Ts = 2∑
j=1
Ij
 (S4)
subject to δ
(
E′ =
{
I∗j (1)
}2
j=1
)
≤ γ,
Ij is c.p. and
2∑
j=1
I∗j (1) = 1,
where the last two constraints ensure that I is an instru-
ment. As discussed before, we assume that every element
of the instrument can be expressed using a single Kraus
operator. This agrees well with intuition, because more
Kraus operators introduce more noise to the system. Fur-
thermore, we assume that these Kraus operators can be
chosen diagonal in the basis of the target measurement,
E = {|j〉〈j|}2i=1, to reflect the symmetry of the optimiza-
tion problem. These assumptions simplify the optimiza-
tion problem significantly. The Kraus operators given in
Eq. (4) then yield the following POVM elements of the
approximate measurement
E′j = (1− b2j¯ ) |j〉〈j|+ b2j (1− |j〉〈j|), (S5)
for j = 1, 2, where j¯ = 2 if j = 1 and j¯ = 1 if j = 2 with
0 ≤ b21, b22 ≤ 1. The measurement error is thus given as
δ(E′) = sup
ρ
1
2
2∑
j=1
∣∣tr (E′jρ)− 〈j| ρ |j〉∣∣
= sup
ρ
1
2
2∑
j=1
∣∣∣tr((b2j1− (b2j + b2j¯ ) |j〉〈j|) ρ)∣∣∣
= sup
‖ψ‖=1
1
2
2∑
j=1
∣∣∣〈ψ| b2j1− (b2j + b2j¯ ) |j〉〈j| |ψ〉∣∣∣
=
1
2
(b21 + b
2
2),
where the convexity of the l1-norm was used. The dis-
turbance follows from direct calculations,
∆(T1) =
1
2
sup
ρ
‖T1(ρ)− ρ‖1
=
1
2
sup
ρ
∥∥∥∥∥∥
2∑
j=1
KjρK
†
j − ρ
∥∥∥∥∥∥
1
=
1
2
∣∣∣∣1− eiβ1b1√1− b22 − eiβ2b2√1− b21∣∣∣∣ .
Without loss of generality, we may assume that b1, b2 ≥ 0
in the optimization problem, such that an optimum is
attained for β1 = β2 = 0. The optimization problem
given in Eq. (S4) therefore simplifies:
For γ ∈ [0, 1]
minimize
1
2
(
1− b1
√
1− b22 − b2
√
1− b21
)
(S6)
subject to
1
2
(b21 + b
2
2) ≤
1
2
(1− γ) ,
0 ≤ b1, b2 ≤ 1.
The global minimum is achieved at
b1 = b2 =

√
1
2 γ ∈ [−1, 0]√
1
2
√
1− γ γ ∈ [0, 1]
and as stated in Eq. (S1).
SM2: TRADEOFF RELATION FOR OPTIMAL
UNIVERSAL ASYMMETRIC CLONING
Theorem 2 (Total variation - trace norm tradeoff us-
ing optimal universal asymmetric cloning). Consider a
von Neumann measurement given by an orthonormal ba-
sis in C2 on one of the outputs of the optimal universal
1 → 2 asymmetric quantum cloning channel. Then the
worst-case total variational distance δ and its trace-norm
analogue ∆ satisfy
∆ =
 14
(√
2− 3δ −√δ
)2
if δ ≤ 12 ,
0 if δ ≥ 12 .
(S7)
8Proof. The marginals of the optimal cloning channel are
given by
Tclo,i(ρ) = a
2
i
1
2
tr (ρ) + (1− a2i )ρ, i = 1, 2, (S8)
with Tclo,1 = Ts and Tclo,2 = Ts′ . The marginal quan-
tum channel Ts describes the evolution of the quantum
state and its distance to the identity channel Tid then
quantifies the disturbance. Similarly, the marginal Ts′ ,
whose output is measured by the target measurement E,
describes the measurement itself through E′j = T
∗
s′(Ej).
This is illustrated in Fig. 3. This yields for the distur-
bance
∆(Ts) :=
1
2
sup
ρ
‖Ts(ρ)− ρ‖1
=
1
2
sup
ρ
∥∥∥∥a2112 − a21ρ
∥∥∥∥
1
=
a21
2
.
The measurement error turns out to be
δ(E′) := sup
ρ
1
2
2∑
j=1
∣∣tr (E′jρ)− 〈j| ρ |j〉∣∣
= sup
ρ
1
2
2∑
j=1
|tr (T ∗s′(|j〉〈j|)ρ)− 〈j| ρ |j〉|
= sup
ρ
1
2
2∑
j=1
|tr (|j〉〈j|Ts′(ρ))− 〈j| ρ |j〉|
= sup
ρ
1
2
2∑
j=1
∣∣∣∣〈j| a2212 − a22ρ |j〉
∣∣∣∣
=
a22
2
.
Substituting this into the trace-preserving condition of
the optimal universal asymmetric quantum cloning chan-
nel, we obtain the theorem 2.
SM3: TRADEOFF RELATION FOR COHERENT
SWAP
Theorem 3 (Total variation - trace norm tradeoff using
the coherent swap). Consider a von Neumman measure-
ment given by an orthonormal basis in C2 on one of the
outputs of a coherent swap channel. Then the worst-case
total variational distance δ and its trace-norm analogue
∆ satisfy
∆ =
1
2
− δ. (S9)
Proof. Using the substitution a1 = a and a2 =
√
1− a2
with a ∈ [0, 1] yields the two marginals of the coherent
swap quantum channel,
Ts(ρ) = a
2ρ˜+ (1− a2)ρ (S10)
and
Ts′(ρ) = (1− a2)ρ˜+ a2ρ. (S11)
The disturbance is therefore
∆(Ts) :=
1
2
sup
ρ
‖Ts(ρ)− ρ‖1
=
1
2
a2 sup
ρ
‖ρ˜− ρ‖1 .
The optimal choice for ρ˜ should clearly satisfy the points
(∆(Ts) = 0, δ(E
′) = 1/2) and (∆(Ts) = 1/2, δ(E′) = 0),
where again E′ = T ∗s′(E). For any such choice of ρ˜ the
disturbance thus satisfies ∆(Ts) ≥ a2/2. The measure-
ment error turns out to be
δ(E′) := sup
ρ
1
2
2∑
j=1
∣∣tr (E′jρ)− 〈j| ρ |j〉∣∣
= sup
ρ
1
2
2∑
j=1
|tr (T ∗s′(|j〉〈j|)ρ)− 〈j| ρ |j〉|
= sup
ρ
1
2
2∑
j=1
|tr (|j〉〈j|Ts′(ρ))− 〈j| ρ |j〉|
=
(
1− a2) sup
ρ
1
2
2∑
j=1
|〈j| ρ˜ |j〉 − 〈j| ρ |j〉| .
Thus, an optimal choice for ρ˜ that minimizes the dis-
turbance and the measurement error is ρ˜ = 1/2. A pure
state with the same diagonal entries yields the same mea-
surement error; it would, however, increase the distur-
bance caused to the system.
The disturbance is then
∆(Ts) =
a2
2
,
and the measurement error is
δ(E′) =
1
2
(
1− a2) .
This gives the linear tradeoff curve given in theorem 3.
SM4: PROPERTIES OF DISTANCE MEASURES
The distance measures used throughout this manu-
script to quantify the measurement error and the dis-
turbance, denoted by δ and ∆, satisfy Assumption 1 and
Assumption 2 of [25] respectively.
9Lemma 4. δ as defined in Eq. (1) satisfies the following
properties:
(a) δ({|i〉〈i|}2i=1) = 0,
(b) δ is convex,
(c) δ is permutation invariant, i.e., for every permuta-
tion pi and any measurement M
δ
({U†piMpi(i)Upi}2i=1) = δ ({Mi}2i=1) ,
where Upi is the permutation matrix that acts as
Upi |i〉 = |pi(i)〉, and
(d) δ is invariant under diagonal unitaries, i.e., that for
every diagonal unitary D and any measurement M
δ
({D†MiD}2i=1) = δ ({Mi}2i=1) .
Proof. Let δ(M) := supρ
1
2
∑2
i=1 |tr (Miρ)− 〈i| ρ |i〉|.
Then
(a) δ({|i〉〈i|}2i=1) = 0, since
δ({|i〉〈i|}2i=1) = sup
ρ
1
2
2∑
i=1
|〈i| ρ |i〉 − 〈i| ρ |i〉| = 0,
(b) δ is convex, since for any measurements M,M ′ and
for all λ ∈ [0, 1],
δ (λM + (1− λ)M ′)
= sup
ρ
1
2
2∑
i=1
|tr ((λMi + (1− λ)M ′i) ρ)− 〈i| ρ |i〉|
≤λ sup
ρ
1
2
2∑
i=1
|tr (Miρ)− 〈i| ρ |i〉|
+ (1− λ) sup
ρ
1
2
2∑
i=1
|(tr (M ′iρ)− 〈i| ρ |i〉)|
=λδ(M) + (1− λ)δ(M ′),
(c) δ is permutation invariant, since for every permuta-
tion pi and any measurement M
δ
({U†piMpi(i)Upi}2i=1)
= sup
ρ
1
2
2∑
i=1
∣∣tr (U†piMpi(i)Upiρ)− 〈i| ρ |i〉∣∣
= sup
ρ
1
2
2∑
i=1
∣∣tr (Mpi(i)ρ)− 〈pi(i)| ρ |pi(i)〉∣∣
= sup
ρ
1
2
2∑
i=1
|tr (Miρ)− 〈i| ρ |i〉|
=δ
({Mi}2i=1) ,
where Upi is the permutation matrix that acts as
Upi |i〉 = |pi(i)〉, and
(d) δ is invariant under diagonal unitaries, since for every
diagonal unitary D and any measurement M
δ
({D†MiD}2i=1)
= sup
ρ
1
2
2∑
i=1
∣∣tr (D†MiDρ)− 〈i| ρ |i〉∣∣
= sup
ρ
1
2
2∑
i=1
∣∣tr (Miρ)− 〈i|D†ρD |i〉∣∣
= sup
ρ
1
2
2∑
i=1
|tr (Miρ)− 〈i| ρ |i〉|
=δ
({Mi}2i=1) .
Lemma 5. ∆ as defined in Eq. (2) satisfies the following
properties:
(a) ∆(Tid) = 0,
(b) ∆ is convex,
(c) ∆ is basis-independent, i.e., for every unitary U and
every quantum channel Φ
∆
(
UΦ
(
U† · U)U†) = ∆ (Φ) .
Proof. Let ∆(Φ) := 12 supρ ‖Φ(ρ)− ρ‖1. Then
(a) ∆(Tid) = 0, since ∆(Tid) =
1
2 supρ ‖ρ− ρ‖1 = 0,
(b) ∆ is convex, since for any quantum channels Φ,Φ′
and for all λ ∈ [0, 1],
∆ (λΦ + (1− λ)Φ′)
=
1
2
sup
ρ
‖(λΦ + (1− λ)Φ′) (ρ)− ρ‖1
=
1
2
sup
ρ
‖λ (Φ(ρ)− ρ) + (1− λ) (Φ′(ρ)− ρ)‖1
≤λ1
2
sup
ρ
‖Φ(ρ)− ρ‖1 + (1− λ)
1
2
sup
ρ
‖Φ′(ρ)− ρ‖1
=λ∆(Φ) + (1− λ)∆(Φ′),
where we have used properties of a norm and prop-
erties of a supremum of a convex functional over a
convex set,
(c) ∆ is basis-independent, i.e., for every unitary U and
every quantum channel Φ
∆
(
UΦ
(
U†ρU
)
U†
)
=
1
2
sup
ρ
∥∥UΦ (U†ρU)U† − ρ∥∥
1
=
1
2
sup
ρ
∥∥UΦ (ρ)U† − UρU†∥∥
1
=
1
2
sup
ρ
‖Φ (ρ)− ρ‖1
=∆ (Φ) ,
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where we have used the fact that the trace norm is
unitarily invariant.
SM5: DIFFERENT MEASURES
The optimal instruments as explained in the main text
and derived in Sec. result in optimal measurement-
disturbance relations for all distance measures which sat-
isfy the assumptions of [25]. For more details on the dis-
tance measure used in the main text see Sec. .
FIG. S1. Comparison of optimal quantum instruments (blue)
with the optimal universal asymmetric quantum cloner (red)
for different distance measures based on simulations. The
tradeoff relation of the main text based on the measures of
Eqs. (1) and (2) is shown (solid lines) and equivalent to a prop-
erly scaled version of the worst-case Hilbert-Schmidt norm
(overlayed dashed lines) and to the worst-case infidelity (not
shown). For averaging over all quantum states instead of tak-
ing the supremum of the trace norm for the disturbance, one
obtains the dashdotted lines.
We here show the tradeoff relations for different choices
of disturbance measures, while the measurement error is
always quantified as in Eq. (1). For various meaning-
ful measures, we observe that the optimal instruments
outperform the cloner, see Fig. S1.
SM6: EXPERIMENTAL SETUP
Due to experimental and practical limitations, the ac-
tual experimental setup has been slightly different than
described in the main text. However, the actual imple-
mentation is fully equivalent to the description there. In
FIG. S2. Actual experimental setup. Light from a diode
laser (LD) propagates through a single mode fiber and is sent
through a fixed polarizer (H-POL). A beam splitter (BS) cre-
ates a spatial superposition. The attenuation of one arm can
be adjusted using a half waveplate (HWP) in arm A and an-
other H-POL. The relative phase ϕ can be varied using a
piezo controlled prism. H-POLs together with variable HWPs
ensure equal polarization in both arms as indicated by the
dotted lines. As the H-POLs are used to vary the attenua-
tion as well as to set the polarization state, they are part of
both the instrument and the state preparation. The reflec-
tion from arm A on the second BS introduces a coupling be-
tween polarization and path. Polarization and intensity mea-
surements are performed in output port C using waveplates
(HWP and QWP), polarizing beam splitters (PBS) and pho-
todiodes (PD). Output port D is not monitored, as for phase
ϕ0 it is redundant to the output of port C at phase ϕ0 + pi.
order to be able to fully tune the attenuation in one of
the interferometer arms, we use a half waveplate (HWP)
sandwiched between two polarizers. Therefore, the po-
larization state ρ cannot be set before. Hence, we decided
to first create the spatial superposition state |φ0〉 using
waveplates and polarizers and subsequently set ρ in both
interferometer arms separately. With this approach, we
still achieve at this stage a separable state ρ ⊗ |φ0〉〈φ0|
within the interferometer before the interaction. As we
set the polarization state directly in front of the second
beam splitter of the interferometer, the reflection of beam
A on the beam splitter already provides the interaction
between system and auxiliary system. This reflection in-
duces the unitary transformation U as described in the
main text, enabling us to obtain the Kraus operators
given in Eq. (11).
Since for a perfect beam splitter the output ports are
interchanged for ϕ0 ↔ ϕ0 + pi, we use only output port
C to obtain data for both projections, considering the
phases ϕ1 = ϕ0 and ϕ2 = ϕ0 +pi. This way, both projec-
tions are carried out with exactly the same equipment,
reducing possible experimental errors.
SM7: CHOICE OF POLARIZATION STATES
According to the parametrization |ψ〉 = cos θ2 |H〉 +
sin θ2 |V 〉, the experimentally prepared values for θ were{−20◦, −10◦, 0◦, 10◦, 20◦, 70◦, 80◦, 90◦, 100◦, 110◦,
160◦, 170◦, 180◦, 190◦, 200◦, 270◦}. For θ = 0◦ and
θ = 180◦, the prepared state corresponds to horizontal
polarization |H〉 and vertical polarization |V 〉, respec-
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tively. Thus, the reflection in beam A only introduces a
phase, as for example the state for θ = 0◦ is transformed
according to
|H〉 ⊗ (cosα |A〉+ sinαeiϕ |B〉)→
|H〉 ⊗ (i cosα |A〉+ sinαeiϕ |B〉) , (S12)
which does not change the state of the polarization. The
disturbance therefore (ideally) vanishes. In contrast, for
θ = 90◦, we expect
(|H〉+ |V 〉)⊗ (cosα |A〉+ sinαeiϕ |B〉)→
i (|H〉 − |V 〉)⊗ cosα |A〉+ (|H〉+ |V 〉)⊗ sinαeiϕ |B〉 ,
(S13)
where normalization is omitted. For a given instrument
characterized by {α,ϕ}, this polarization state is ex-
pected to give the largest disturbance ∆.
For the Kraus operators given in Eq. (11), we find for
E′j = K
†
jKj for j = 1, 2,
E′1,2 =
1
2
(
1± sin 2α cosϕ 0
0 1∓ sin 2α cosϕ
)
. (S14)
Therefore, the distance of the outcome probabilities, used
to obtain δ, becomes
1
2
∑
i
∣∣∣tr (E′i |ψ〉〈ψ|)− |〈i|ψ〉|2∣∣∣ =
|cos θ (1− cosϕ sin 2α)| , (S15)
which vanishes for θ = 90◦ (and θ = 270◦) and can be
maximal for θ = 0◦ (and θ = 180◦).
SM8: ERROR ANALYSIS OF EXPERIMENTAL
DATA
The statistical error of the data shown in Fig. 1 is es-
timated by comparing the results obtained in redundant
measurements. The standard deviation of the measure-
ment error is estimated to be around 8.3 · 10−5, whereas
the 1σ-error bar for the estimated disturbance is approx-
imately 7.0 · 10−5. Those values are thus too small to be
visible in Fig. 1.
Additionally to statistical errors, two different sources
of systematic errors have been identified. First, the state
preparation as well as the interaction are not perfectly
implemented. The imperfect preparation of the initial
polarization state and of the state analysis are the main
reasons that the identity channel with no disturbance at
all (but high measurement error) cannot be implemented
perfectly, leading to a residual disturbance, which ap-
pears as an increase of the minimal disturbance ∆ of the
data in the plot. In any case, this type of error only re-
duces the quality of the prepared quantum instruments
and does not lead to faulty conclusions.
However, as a second type of systematic error one has
to ensure that the prepared polarization states are de-
scribing a great circle on the Bloch sphere and contain
the states with extremal results sufficiently well. This
error can be approximated by considering the data as
shown in Fig. 5. By applying a parabolic model for the
data points around the extrema of the probability graphs
and the maxima of the trace distance graphs, the devi-
ation of the extrema from the measured points can be
estimated. This effect might cause a quantum instru-
ment to look better than it actually is, i.e., less disturb-
ing together with smaller measurement error. Yet, for
the dataset shown in Fig. 5 b), the parabolic fit results
in a maximum at θ ≈ 89.95◦ with a trace distance larger
by only 0.02% compared to the trace distance at θ = 90◦.
The probabilities in Fig. 5 a) around θ = 0◦ and θ = 180◦
can nicely be described by parabolae, where the extrema
coincide with our measured points. Thus, the systematic
effect of underestimating the measurement error or the
disturbance due to badly chosen measurement states is
negligibly small.
In conclusion, the different sources of errors overall
reduce the quality of the implemented quantum instru-
ments and do not lead to an underestimation of distur-
bance and measurement error, respectively. We can thus
show the implementation of instruments better than the
optimal quantum cloner with high significance.
